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Thermoelectric devices have gained importance in recent years as viable solutions for applications such as spot
cooling of electronic components, remote power generation in space stations and satellites etc. These solid state
devices have long been known for their reliability rather than their efficiency as they contain no moving parts.
Research in recent years has been focused towards developing both thermoelectric structures and materials that have
high efficiency characterized by the quantity known as the figure of merit ZT = S2σT/κ where S is the Seebeck
coefficient, σ the electrical conductivity and κ the thermal conductivity. In general thermoelectric research is twopronged with 1) experiments focused towards finding new materials and structures with enhanced thermoelectric
performance and 2) analytical models that predict thermoelectric behavior to enable better design and optimization of
materials and structures. In this paper we present a review of the theoretical models that were developed since
thermoelectricity was first observed in 1821 by Seebeck and how these models have guided experimental materials
search for improved thermoelectric devices. A new quantum model is also presented, which provides opportunities
for optimization of nanostructured materials to enhance thermoelectric performance.

passing through the junction as described by equation
2.
dQ = ∏ dI
(2)

1. Thermoelectric properties
When two wires of different metals are joined at both
ends and the two junctions are kept at different
temperatures, a voltage develops across the two
junctions. This effect is known as the Seebeck effect
which was discovered by Seebeck in 1821 and
published in 1822 [1]. The voltage across the two
junctions is proportional to the temperature gradient
across the junctions provided the temperature
gradient is small. The proportionality constant is
defined as the Seebeck coefficient or thermoelectric
power and is obtained from the ratio of the voltage
generated and the applied temperature gradient.

S=

dV
dT

The Thomson effect was predicted in 1854 and found
experimentally in 1856 [3]. The Thomson effect
occurs when a current flows across two points of a
homogeneous wire having a temperature gradient
along its length and heat is emitted or absorbed in
addition to the Joule heat. The Thomson coefficient
μT is positive if heat is generated when positive
current flows from a higher temperature to lower
temperature.
∂T
(3)
dxdI
dQ = μT
∂x

(1)

These three thermal-electrical properties provide the
basis for modern direct energy conversion devices and
their exploitation is the subject of considerable
research.

In 1834, the Peltier effect was discovered [2]. When
two metals are joined together and kept at constant
temperature while a current passes across the
junction, heat is generated or absorbed at that
junction in addition to Joule heating. The Peltier
coefficient Π12 is defined as the heat emitted per
second when unit current flows from conductor 1 to
2. This heat is directly proportional to the current

2. Nanostructured thermoelectric materials
The advent of quantum well nanofilm and nanowire
superlattice structures that improve the value of ZT due
1

In general an isolated device and its energy levels are
described using a Hamiltonian H, a Hartree potential U
and energy eigen-states of the electron, εα.

to a number of advantages has shifted the focus
towards understanding carrier transport behavior in
nanostructures.
Quantum
confinement
in
nanostructures increases the local carrier density of
states per unit volume near the Fermi energy increasing
the Seebeck coefficient [4] while the thermal
conductivity can be decreased due to phonon
confinement [5, 6] and phonon scattering at the
material interfaces in the superlattices [4, 7, 8].
Normally, the electrical conductivity is assumed not to
be significantly affected due to the large semiconductor
bandgap and the disparity between the electron and
phonon mean free paths [25, 9]. The combined benefits
of reduced thermal conductivity and improved Seebeck
coefficient imply a theoretically higher ZT compared to
the bulk structures. However, experimental
observations have not been able to achieve the
presumed benefits of superlattice thermoelectric
devices despite theoretically predicted improvements
in ZT and experimentally observed reduction in the
thermal conductivity of superlattices compared to their
bulk counterparts [10, 11]. Hence there is a need to
better understand the effect of all the significant factors
contributing to the thermoelectric figure of merit of
nanoscale devices. In this regard, the two main
phenomena that affect electron transport in
nanostructures are 1) electron confinement and 2)
electron scattering effects such as electron-phonon
scattering, electron-impurity scattering etc.

r

r

( H + U )ψ α ( r ) = ε αψ α ( r )

(4)

The potential U is obtained using Poisson’s equation
and accounts for the effect of any change in the density
matrix on the channel capacitance. The channel
capacitance consists of an electrostatic capacitance that
depends on the dielectric constant εr and a quantum
capacitance, which depends on the density of Eigen
states in the channel [13]. In general, the electron
density matrix in real space is given by
+∞
r ur
⎡ ρ( r,r'; E)⎤ = ∫ f ( E − μ ) δ ([ EI − H ])dE (5)
⎣
⎦
−∞

Here δ(EI-H) is the local electronic density of states
given as

δ ( EI − H ) =

i
⎡⎣G ( E ) − G + ( E ) ⎤⎦ where
2π

(

)

G ( E ) = ⎡⎣ E − i 0+ I − H ⎤⎦

−1

(6)

G(E) is the retarded Green’s function while G+(E), its
conjugate complex transpose, is called the advanced
Green’s function. In the time domain, the Green’s
function can be interpreted as the impulse response of
the Schrödinger equation where in the present scenario
the impulse is essentially an incoming electron at a
particular energy. In the energy domain the Green’s
function gives the energy eigen-values for the eigenstates that are occupied in response to the applied
impulse. The diagonal elements of the spectral
function, which is the difference between the retarded
and advanced Green’s function, represent the available
local electron density of states.

Shrinking device dimensions presents an increasing
need for a quantum transport model that can effectively
couple scattering effects. The need to incorporate
scattering stems from the fact that while electronphonon scattering usually helps restore thermodynamic
equilibrium, shrinking device dimensions may not
ensure enough scattering to restore equilibrium. The
simultaneous consideration of scattering effects, which
is usually described as particle behavior, and quantum
effects, which are wave in nature, is confounding and
computationally intensive. In this regard the nonequilibrium Green’s function formalism provides a
framework for coupling quantum effects and thermal
effects to model electron transport in thermoelectric
devices. Open boundary conditions allow the source
and drain contacts to be coupled to the device through
simple self-energy terms. In addition, the NEGF
formalism does not require a statistical distribution of
carriers within the device thus allowing for the rigorous
incorporation of both elastic and inelastic scattering
effects using the concept of Buttiker probes [12]. A
brief synopsis of the formalism is presented here while
a more thorough and detailed development can be
found in [12] and [13]. The first reported use NEGF to
predict thermoelectric performance is found in [14,
15]. True quantum simulations have to see widespread
use, but modern devices demand this level of
modeling.

When the isolated device is connected to source and
drain contacts, the difference in the Fermi levels of the
source and drain causes electrons to flow from the
source to the drain through the channel. The
distribution of electrons in the semi-infinite source and
drain is said to follow the Fermi distribution with εf1
and εf2 the chemical potentials of the source and the
drain and f1 and f2 their Fermi functions. When no
scattering is incorporated in the channel, transport is
ballistic in nature and is expected to have zero
resistance to current flow. However, experimental
measurements [16] have shown that the maximum
measured conductance of a one-energy level channel
approaches a limiting value G0= 2q2/ ħ = 51.6(KΩ)-1.
The reason for this limit to conductance arises from the
fact that current in the contacts is carried by infinite
transverse modes while the number of available modes
for a one-energy level channel is very limited. When
the channel consisting of a single energy level ε is
connected to the contacts current can flow only when ε
lies between εf1 and εf2 (εf1 > ε >εf2). Once the value of

3. The NEGF Formalism

2

ε is ensured to lie near εf1 some of the density of states
from the source spread into the channel causing
broadening of the available density of states around ε
(refer to Figure 1). There will be some broadening of
energy levels around the drain as well but if the
difference between ε and εf2 is large, the broadening
will be very small and only few states will become
available near the drain to remove the electrons coming
from the channel. As the applied bias is increased
linearly, more and more states between ε and εf2
become available to remove electrons from the channel
causing the source to increase its supply of electrons
into the channel. This phenomenon results in a linear
increase of current in the channel. Once the applied
bias causes the source and drain Fermi levels to
become equal, the number of available density of states
remains constant at the energy level ε and the channel
current reaches saturation and the current will not
increase any further. The above analogy of a oneenergy level system is applicable to nanoscale thin
films and wires where available energy levels along the
confined dimension are very limited in addition to
being spaced far apart from adjacent energy levels.

The broadening of the energy levels introduced by
connecting the device to the source and drain contacts
is incorporated through the Gamma functions at each
contact given by

(

Γ j = i ∑ j − ∑ +j

+∞

[ ρ ] = ∫ ⎡⎣G ( E ) ∑in ( E ) G + ( E )⎤⎦ ⎛⎜ ⎞⎟
⎝ 2π ⎠
dE

in
where ⎡⎣ ∑ ( E ) ⎤⎦ = ⎡⎣ Γ1 ( E ) ⎤⎦ f1 + ⎡⎣ Γ 2 ( E ) ⎤⎦ f 2
(12)

The real portion of the diagonal elements of the density
matrix, represent the electron density distribution in the
channel. This electron density represented as n is used
in the Poisson’s equation to self-consistently solve for
the potential in the channel where Nd is the donor
density and εr is the permittivity of the channel.

h2
.
2m*a 2

( Nd − n )

(13)

∞

(14)
where the subscript j indexes the contacts. For a twoterminal device I1 = −I2.

(7)

3.1. Incorporating electron scattering in the NEGF
In addition to the source and drain contacts electrons
can scatter into and out of the channel by either phonon
absorption or phonon emission such that εn - εm = ω.
The transition of the electrons from εn to εm and vice
versa is dependent on the transition rate S(k, k’) which
is obtained using Fermi’s Golden Rule [17]. This
coupling can be expressed through a broadening term Γ
which is related to the transition rate S as

(8)

where t, the inter-unit coupling energy resulting from
the discretization is given by

t=

εr

q
I j = − ∫ trace ⎡⎣Γ j A⎤⎦ f j − trace ⎡⎣Γ j G n ⎤⎦
h −∞

The self-energy terms Σ1 and Σ2 originate from the
solution of the contact Hamiltonian. In this semiinfinite system, which is connected to the channel,
there will be an incident wave from the channel as well
as a reflected wave from the contact. The wave
function at the interface is matched to conserve energy
resulting in the boundary condition,

∑ j = −t exp ( ik j a )

q

For plane wave basis functions, the current through the
channel is calculated as the difference between the
inflow and the outflow at any given contact.

In the NEGF formalism the coupling of the device to
the source and drain contacts is described using selfenergy matrices Σ1 and Σ2. The self-energy term can be
viewed as a modification to the Hamiltonian to
incorporate the boundary conditions. Accordingly,
equation 4 can be rewritten as

r

(11)

−∞

Figure 1. (a) Single energy level of an isolated channel (b)
Broadening of electron energy levels in the channel when
connected to contacts

r

(10)

The self-energy terms affect the Hamiltonian in two
ways. The real part of the self-energy term shifts the
device eigenstates or energy level while the imaginary
part of Σ causes the density of states to broaden while
giving the eigenstates a finite lifetime. The electron
density for the open system is now given by

∇ 2U = −

( H + U + ∑1 + ∑ 2 )ψ α ( r ) = ε αψ α ( r )

)

(9)

3

Γ
= S ( k , k ')
h
em
Γ nn = 2π K mn
ab
+2π K mn

2

2

4. Results

where

The NEGF method is used to calculate the current
density for varying thickness of a silicon film for a
constant applied field of 106 V/m as shown in figure 2.
The current density is obtained for two cases 1)
ballistic electron transport through the film and 2)
electrons undergoing intervalley scattering with
longitudinal optical phonons. The electrons in a 2D
film can be treated as having infinite range of energies
along the x and y axis while being confined along the
z-axis which is also the direction of transport.

( N + 1) δ (ε n − ε m − hω )

( N ) δ (ε n − ε m + hω )
(15)

The broadening term obtained through Fermi’s Golden
Rule is similar to the broadening term in the NEGF
which is expressed as

em
p
n
d ( hω ) ⎡ So ( Nω + 1) ⎡⎣G ( E − hω ) + G ( E + hω ) ⎤⎦ + ⎤
⎢
⎥
Γs = ∫
2π ⎢ So ab ( Nω ) ⎡G n ( E − hω ) + G p ( E + hω ) ⎤
⎥
⎣
⎦
⎣
⎦

(16)
n

G (E) is the electronic density of states and G (E) is the
hole density of states and correspond to the δ(εn - εm ±
ħω) terms while So corresponds to the value |Kmn|2
terms for emission and absorption of phonons in
equation 16. For the case where electrons in the
channel scatter with a phonon of single frequency, the
broadening term can be simplified to

⎡( Nω + 1) ⎡G p ( E − hω ) + G n ( E + hω ) ⎤ + ⎤
⎣
⎦ ⎥
Γ s = So ⎢
n
p
⎢ N ω ⎡ G ( E − hω ) + G ( E + hω ) ⎤
⎥
⎦
⎣ ⎣
⎦
(17)
Since the imaginary part of the self energy term is
responsible for broadening, the scattering self-energy
∑s can be expressed using equation 17 as

Γs
2

(18)

The value of So for a single phonon of energy ωo is
obtained as a sum over all phonon wave vectors β in
the Brillouin zone as

6.E+09
Ballistic

3

(19)

ρ is the mass density, ωo the phonon frequency and Do

is the optical deformation potential and a, the lattice
constant. An example of single-phonon scattering is gtype intervalley longitudinal optical-phonon scattering
of electrons from the [001] valley into the [00♣] valley
in silicon [17]. The scattering self energy is included in
the Green’s function seen in equation 20 as an
additional contact that scatters electrons into and out of
the channel such that the net current through the
scattering contact is zero.

(

)

G ( E ) = ⎡⎣ E − i 0+ I − H − ∑1 − ∑ 2 − ∑ s ⎤⎦

2

where n = 1, 2, 3……(21)

Current Density (A/m2)

Do2 h 2
Do2 h 2
⎛π ⎞
So = ∑
=
⎜ ⎟
2
12π ρ ( hωo ) ⎝ a ⎠
β 2 ρΩ ( hωo )

2
2
h2 kx 2 h k y
h2 ⎛ nπ ⎞
+
+
⎜
⎟
2mx* 2my* 2m*z ⎝ Lz ⎠

Two important effects are demonstrated in figure 2.
The current is very small for small film thicknesses and
increases as the film thickness increases. This is the
effect of electron confinement where the very small
film leads to discrete subband energies that are spaced
far apart in the energy space of the Brillouin zone. The
electrons in thin films have very limited number of
subbands available for transport leading to low current
density. The second important effect is the impact of
longitudinal electron-phonon scattering on the current
density. Since very small films have limited states
available for electron transport, electrons cannot easily
scatter into or out of the subbands spaced far apart
from each other. As a result, the effect of scattering is
very small for film thicknesses up to 5nm. As the film
thickness increases, the subband energies are spaced
closer to each other and are also lower in energy as
they come closer to the conduction band edge. As a
result the effect of scattering begins to gain
significance for film thicknesses greater than 5nm
where the decrease in current is now 10% of the
ballistic current.

p

∑ s = −i

E (k ) = Ec +

LOScat
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Figure 2. Current density vs. thickness of silicon
film doped to 1018cm-3 for (a) ballistic electron
transport and (b) electron transport with
longitudinal optical-phonon scattering.

−1

The NEGF is used to calculate the Seebeck coefficient,
electrical conductivity and power factor of silicon 6nm
and 12nm films and 6nm x 6nm wire. The Seebeck

(20)
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coefficient for the silicon film and wire was calculated
by applying a temperature gradient along the z-axis.
This was achieved by keeping the source temperature
constant at 300K while changing the drain temperature
in increments of 10K from 300K to 330K. The applied
bias ranged from 0 to 0.05V. At low bias conditions,
the higher temperature at the drain results in diffusion
of electrons from the drain towards the source,
opposing the direction of the bias leading to negative
current values. As the applied bias is increased, more
electrons from the source drift towards the drain and at
a particular voltage, which we call the Seebeck
voltage; the diffusion of electrons from the drain to the
source is balanced by the drift current from the source
to the drain leading to zero current. The Seebeck
voltage obtained for each temperature gradient is
divided by that value of the gradient to obtain the
Seebeck coefficient. The current-voltage characteristics
were calculated for the conduction band and 2
contributing subbands in the case of the 6nm film and 6
subbands in the case of the 12nm film.

not expect an exact match due to the very different
nature of the two models. However, the Seebeck
coefficient values from the NEGF model follow a
similar trend as the RTA model.
Figure 4 shows the electrical conductivity values as a
function of doping for 6nm silicon film obtained from
the NEGF and RTA models for a single subband.
Doping in both models is applied using equation 22 by
varying the relative difference between the Fermi level
and conduction band edge [19].

⎛ ( Ec − E f
n = N c exp ⎜ −
⎜
k BT
⎝

Seebeck Coefficient (mV/K)

1000
800
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CRTA Model

200

NEGF 6nm Film
NEGF 6nm x 6nm Wire
Geballe and Hull, Phy.Rev, 1955
G. Chen, APL, 2002
NEGF 12nm Film

0
1.E+16

1.E+17

1.E+18

1.E+19

(22)

⎟
⎠

In addition, the RTA model requires the value of
mobility in the direction of transport for electrical
conductivity calculations. Because of the conflict in the
electron mobility behavior with decreasing film
thickness seen in the literature [20, 21, 22, 23], we use
the bulk mobility value of silicon as a benchmark for
calculating the electrical conductivity using the RTA
model. The conductivity values predicted by the RTA
model for a single subband are almost equal to the
NEGF method for the 6nm film summed over the
conduction band and 2 subbands. This result implies
that the RTA model over predicts the electrical
conductivity. The 2 subbands for the NEGF model
were chosen based on the proximity of the subband
energy levels to the conduction band. If a similar
analysis is applied for the RTA model, we will need to
sum over an additional subband that will in turn
increase the predicted conductivity. These results
support our hypothesis that confinement effects
dominate at these size regimes and are effectively
captured by the NEGF model.

1200

400

) ⎟⎞

1.E+20

-3

Doping (cm )

Figure 3. Seebeck coefficient of silicon films and
wires calculated using NEGF and one-subband
RTA model [4] compared to experiments [17, 18].

Electrical Conductivity (1/Ohm-m)

1.E+06

Figure 3 shows the predicted and measured Seebeck
coefficient values for silicon 2D film and 1D wire for
various doping levels in all temperature ranges
considered. The effect of confinement is more evident
from the 2D film to the 1D wire as seen from the
increase in the Seebeck coefficient of the wire by
approximately 30μV/K compared to the film for the
same doping level. The effect of increase in the local
density of states per unit volume near the Fermi energy
is greater in the wire compared to the film. As a result,
more carriers occupy higher energy states causing an
increase in the value of the voltage for which the
thermally induced current is balanced by the field
current. The experimental values for the Seebeck
coefficient were measured for a wide range of
temperatures while the values used here are an average
for the temperature range of 300K to 330K. While
there is limited experimental data for the Seebeck
coefficient of silicon nanofilms, the predicted values of
S for the film match the experimental trends [17]. The
NEGF results are also compared to the Seebeck
coefficient predicted using the RTA model for a single
band in 6nm film having a confined dispersion. We do
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1.E+03
6nm x 6nm Wire
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6nm Film
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12nm Film
Silicon Bulk Measured
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Figure 4. Predicted and measured [24] electrical
conductivity values for a Silicon 6nm and 12nm film
and 6nmx6nm wire.
Confinement of electrons increases the spacing
between adjacent subband energy levels leading to a
linear increase in the electrical conductivity with size.
For example, a 12nm film can accommodate twice the
number of electronic energy levels compared to a 6nm
film and hence the conductivity of a 12nm film is twice
the conductivity of a 6nm film. In reality and as seen
from figure 2, as the size of the film increases,
5

A quantum transport model that can successfully
couple wave effects and scattering effects to predict
thermoelectric performance is introduced through the
non-equilibrium Green's function method. In addition
to successfully coupling quantum and scattering
effects, the NEGF method allows us to seamlessly
include various parameters that affect thermoelectric
performance such as bandgaps, doping, and effective
mass. The coupled thermoelectric solution combined
with quantum effects demonstrates the capability of the
NEGF method as a platform to design structures with
enhanced figure of merit. In addition to studying
thermoelectric transport at nanoscales, the NEGF
method will also act as a framework for analysis of
other emerging technologies in the field of solid-state
energy conversion devices where temperature effects
on carrier transport are strong.

transport is no longer ballistic and the conductivity is
expected to reach a maximum before starting to reduce
with increase in size due to the dominance of
scattering. This effect is evident in figure 5 from the
plot of the power factor of a 6nm silicon film with
intervalley optical phonon scattering included in the
NEGF formalism. Despite the 6nm film exhibiting very
low scattering of approximately 10% for a doping of
1018cm-3 as seen in figure 2, at large doping the number
of carriers available to scatter is higher leading to 20%
decrease in the power factor for a doping of 1019cm-3
and a further decrease of 45% for 5x1019cm-3 doping.
The decrease in power factor is dominated by the
decrease in electrical conductivity though scattering
causes a slight (30μV/K) decrease in the Seebeck
coefficient.
1.6E-03

Power Factor (S2σ)

1.4E-03
1.2E-03

Reliance on Boltzmann-based models has produced a
culture of ``smaller is better'' research, where the
reduction in size is expected to produce limitless
increases in performance. Experiments have not
exhibited this behavior, and with a combined
wave/particle model we have been able to explain the
apparent discrepancy. For materials at reduced scales,
the governing physics changes enough that new models
are required. The NEGF model suggests that
optimization of devices is possible. Although this
places theoretical upper limits on performance, there is
no indication that these theoretical limits have been
reached and continued research is warranted.

Ballistic
Intervalley Optical
Phonon Scattering
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Figure 5. Power factor of a 6nm film with and
without intervalley scattering predicted using the
NEGF formalism.
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