Transport involving conducting fibers in a non-conductinagmx

R. A. Hans€l, J. Rozeh, D. G. Walketa°¢

I nterdisciplinary Graduate Programin Materials Science, Vanderbilt University Nashville, TN 37235
b] nstitute of Nanoscience and Engineering, Vanderbilt University Nashville, TN 37235
¢Department of Mechnical Engineering, Vanderbilt University Nashville, TN 37235

Abstract

Several transport models are investigated in the contet@idimensional fiber composites. We compare
the thermal and electrical transport through the fiber caites as a function of the conductivity ratio and
the fiber density. Three models will be considered and coetpat) discretized solutions, 2) equivalent
resistance, and 3ffective medium approximation. In the case of electricalgpamt, where the conductiv-
ity of the fiber is presumably many orders of magnitude latgan the matrix, the second model provides
a fast and reliable way to predict conductance of the conadsiystem. However, if the two materials are
similar in conductivity, the second model fails to acculsatapture the conductivity. Thermal transport is
predicted using the discretized model because the condycttio is non-negligible. The third model is an
analytic approximation based on Maxwell’'s equation andsesduto predict both types of transport through
a compound with inclusions of ellipsoidal geometry. Thelgiamodel works well for lower conductivity
ratios and all area densities but under-predicts condticfr high conductivity ratios.
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1. Introduction tures [6, 7]. Another approach is to combine the
good electrical performance of nanofibers into flexi-
ble substrates. In fact, Biercuk et al. [8] have shown
that nanotub@epoxy composites percolate at 0.1—
9.2 wit% loading. This feature suggests that com-
; osite materials may retain flexibility while provid-
change membranes (PEM) [2], and direct-energy C%‘Q good electrical performance with low process-

verleonﬂd e\'/kl)cle?rl[ZS'l]'. low-t ‘ ing temperatures. In direct energy conversion devices—
orfiexibie S, low-lemperature processes af articularly Peltier devices—high electrical conduc-

required to prevent destruction of the substrate, b fvity and low thermal conductivity are preferred for

most semiconductors with good electrical perfor-Sljloerior performance [9]. However, most materials

mance require high-temperature processing[4]. Mo&l) not exhibit both of these properties simultane-

research has been directed toward finding compatb-uslé and strategies for tuning the material prop-

ble high-_tempera}ture s_ubstrates [5] orhigh-perform&ql% are being sought [10]. For example, com-
electronic matenials with low processing tempera-posite structures involving high conductivity fibers
and a low conductivity matrix could improve the
*Corresponding author performance of direct energy conversion devices.

WanEeT)a” address: greg.walker@vanderbilt.edu(D.G.  Nanofibers can limit the thermal transport through

Thermal and electrical transport through a low-
conductivity matrix containing high-conductivity fi-
bers is important to several applications includin
flexible thin-film transistors (TFT) [1], proton ex-
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phqnon gonflpement a_nd bo““darY §catter|ng WhII?able 1: Conductivity ratios of the fiber to matrix. Data ob-
maintaining high electrical conductivity [3, 11]. The tained from King et al. [13]
substrate, while not contributing to the electrical per-

formance, will also limit thermal transport [12]. The Thermal Electrical
net result is a material with high electrical conduc- (W/mK)  (1/Qm)
tivity and low thermal conductivity. matrix 0.2 Ix 10 1

If we conside_r the fiber composit_e_more_ care- fiber 600 1x 1P
fully, we also notlcg that the conduct_lwty ratio for ratio . 3x 10°  1x 109
thermal and electrical performance idfdrent by
orders of magnitude. Table 1 illustrates this feature
for a composite composed of fibers (calcined needle
coke FI08) embedded in a thermoplastic copolymetransport is determined using a percolation model.
matrix (Vectra A950RX) [13]. Because the trans-Fibers are placed randomly on the surface of the de-
port is a function of the conductivity ratio, we ex- vice. When a direct path of fibers is established be-
pect that diferent concentrations of fibers in the ma-tween the two contacts, the compound is said to per-
trix will affect the thermal and electrical transport incolate. This model works well to determine thermal
different ways. In fact, Zimmerman [14] has showrtransport because the conductivity ratio of fjeatrix
that as the aspect ratio of fibers increases, the tranis-O(10°). Thus, thermal transport is predicted by a
port properties of the compound become more sergliscretization model, which superimposes a small
sitive to the conductivity ratio. square mesh on the device. Conductivity is deter-

The purpose of the present work is to investi-mined by solving a system of linear equations which
gate the #ectiveness of several transport model®bey Kirchdf’s law at each node of the network.
in the context of two-dimensional fiber compositesElectrical transport is predicted by assuming that
and to compare the thermal and electrical transpothe matrix does not contribute to transport because
through a given material as a function of the conthe conductivity ratio of fibgmatrix is O(106). A
ductivity ratio, fiber aspect ratio and the fiber den~esistor is placed between any two fiber intersec-
sity. Because the conductivity ratio of the fiber totions and Ohm’s law is used to relate the current
the matrix is diferent when considering thermal trangarough the resistor to the potential across the resis-
port compared to electrical transport, the rate of corfor.
ductivity enhancement with fiber density should also
be diterent. If the thermal and electrical properties2, Transport Models
can be decoupled, then the opportunity for design-
ing improved TFTs and energy conversion deviceg-1. Efféctive Medium Approximation
can be identified. Most dfective medium approximation (EMA)

Our analytic model is anfiective medium ap- models predict thefeective conductance of a com-
proximation for a compound with inclusions of el- posite material where severe restrictions are placed
lipsoidal geometries. This approximation works welbn the inclusion geometry and material properties.
to predict the total conductivity of a compound ma-For example, Maxwell's model is valid for circular
terial with a low density of inclusions. However, inclusions that are randomly distributed and non-
the approximation underestimates the conductivitpverlapping. This approach has been shown to be
at higher fiber densities because the model does naélid only for low concentrations [15]. This model
account for fiber overlap. Numerical models arehowever has been extended to ellipsoidal geome-
well suited for iteratively solving for transport and tries where the thermal conductivity of the com-
better approximate for fiber-fiber overlap. Thermal
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poundk can be found as statistically. Therefore, Maxwell's method is strictly
only valid in the dilute limit, but conceivably the

k = 1_—'8(: (1) differential method applies for a wider range of fiber

km 1+pC densities. In addition, Maxwell's model is for inclu-
wherec is the area fraction of fibers to matrix mate-Ssions with ellipsoidal geometry and not for fibers.
rial, and Because the fibers have a larger area for the same

) ) aspect ratio compared to ellipsoids, the fiber density
- 1-r)1+a) ) (2) Wwill not be accurate using Maxwell's model. For
41+ ar)(a+r) comparison, we have used two numerical models

In the foregoing expression, the matrix material thet¥hich will increase the accuracy of the simulation
mal conductivity isky, and the ellipse is described for conducting fibers in a polymer matrix.

by the major axis radius, and is the aspect ratio

defined as the fiber widthwy divided by the fiber 22 _Tnermal Transport | |
length (). The thermal conductivity ratior (= Thermal transport was determined by creating

k¢/kn > 1) is the conductivity of the fiber divided by & numericql model V\{here the device ig discretized
the thermal conductivity of the matrix. This methogd!Nto an equivalent resistor network of uniformly spaced

can be used to approximate an inclusion of arpilesistors. Fibers are randomly-oriented on the sur-

trary aspect ratio including fibers:(— 0). In the face and a square mesh is superimposed on the com-

limit of extremely narrow fibers compared to their POSite device. Figure 1 shows how the thermal re-
length, the fiber-density parametes? becomes a sistances are defined relative to the discretized ma-

more meaningful independent variable than the aretgr"’le descrlptlon. Thg mesh size is defined smallgr
fraction [16], wherea is the fiber length normalized than the width of the fibers so that several nodes lie
within each fiber in both directions. The thermal
resistance is defined & = L/k;A, where the con-
ductivity is designated by the material of the cell.
For all resistances, the length of the residtand

B

by the device size. Note that a non-trivial limit can
only be obtained for a conductivity ratio of— co.
In this case, the conductivity of the compound be

comes
, the cross sectional area of the callare identical.
K _ 1+nra’/4 @3 Therefore the ratio of resistances is related to the
km 1-nra?/4 conductivity ratio R,/R; = r). Asample discretized

This form may be appropriate for the electricaldev'ce IIS shown in I_:lgure 2'b Note that to |_ncllud(;
transport, but equation 1 should be used for therme“'erma contact resistance between materials, the

transport where the conductivity ratio is smaller. Zinf erall resistance between any two adjacent nodes

merman [14] further provides a comparison betweel’
the extended Maxwell’s model and thefdrential 2R both matrix
method, which gives an implicit form (stated with- R={2R both fiber (5)

out derivation). R,+ Rf + R. otherwise

(13 1-a 2
1 _(k G (K — ke \ [ K+ kg () @ whereR. represents the contact resistance. The value
1-c¢ \Kkn kK—Kks |\ kn+ ks of R; is largely unknown and can depend on a wide

This implicit f lati ilb dt number of variables including materials and pro-
IS Implicit formutlation will be used to compare cessing parameters. Therefore, a representative value
to the numerical solutions.

N hat M " del d ¢ is difficult to define. Consequently, we have as-
ote that Maxwell's model does not account forg, na that the contact resistance is negligible and

overlap of the fibers, but thef@ierential method does left this study for another time
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A system of linear equations obeying Kirdke
law at each node of the network is then generated.
These equations can be gathered using matrix nota-
tion

Av =0, (6)

whereA is a square matrix that has the size of the
number of sites and the number of resistors placed
in each node with equations for Ohm'’s law and Kir-
chaof’s law, v is the vector containing the potential
and current at each node.

Finally, the system is solved iteratively. In this
way, the value of the potential can be calculated
across the network for a known applied field. This
leads to the total conductance of the lattice. In both
numerical models, the system is treated as being pe-

Figure 1: One example cell with surrounding cells is shownriodic in terms of fiber placement. If a fiber extends
The diferent colors representférent material types for each pheyond the boundary, it is allowed to reenter at the

cell, and the corresponding resistances are indicBtetbr

opposite side. Consequently, the fiber density re-

fiber resistance an@y, for matrix resistance. The temperature . . .
mains constant for each simulation.

is fixed at the center of the cell.
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Figure 2: Discretization of equivalent resistance ioe 50

andLs = 0.5.

2.3. Electrical Transport

Because the fibers are long compared to their
width, a dilute random array of fibers in a matrix
could conceivably be arranged such that the fibers
provide a direct conduction path between two con-
tacts (either electrical or thermal). When a direct
path is established, the network of fibers is said to
conduct. As a result, theffective conductivity of
the compound may appear more like that of the fiber
material despite having low fiber densities. This
argument suggests that the fiber laden compound
could conduct at significantly lower densities than
compounds with circular inclusions. Therefore, we
have developed a simple conduction model based
on the fiber connectivity. In this model, we assume
the matrix does not contribute to the transport. In-
stead, only when the fibers create a conduction path
will the transport be non-zero.

To compute the féective conductivity using the
fiber network model, the fibers are placed randomly
in the device. Between any two intersections that
share a fiber, we create a resistor. A sample device



3. Reaults

Using the properties in Table 1, we have con-
structed a study on the electrical and thermal trans-
port of a two-terminal planar device that contains
a compound material. The compound consists of a
matrix with random placed fibers. The number and
length of fibers are varied to determine tligeets of
the fiber-density parametee? on transport, where
nis the number of fibers in the device. Note that the
area density for the analytic solutions (equation 1)
can be deduced from the density parameter as

, 2
Figure 3: Fiber network ( 5 fibers) showing resistors in a sam- c= nAe'“pse — (L /2)(w/2) — hra“a (8)
ple device. The resistance is given Ry= pL/A; whereL is Adevice L2 4
the length between fiber crossings akds the cross sectional ] ] ]
area of the fiber. wherea = L¢/L is the fiber length normalized by

the square root of the device aréa£ VA), andw
with 5 fibers is shown in Figure 3. The electrical re-S the fiberwidth. In the present cases simply the

sistanceR,) depends on the material resistivip)( length of a side of the square device. Because the

length and width (diameter) of the fiber and reduce&Pers in the computational model are rectangular,
to the area density is expressed as

20 _ NAfiper _ nLsw 2
=— (7) c= Ao~ L2 na‘a 9
where the resistivity is the reciprocal of conductiv-whereAsiwe is the projected area of the fiber on the
ity. Ohm's law (v = IR) is used to relate the cur- device. Note that neither equation 8 or 9 are exact
rent through the resistor to the potential across thbecause they do not consider overlap. Therefore,
resistor. Furthermore, at each intersection, we bathe approximation becomes worse for large num-
ance the currents to produce a linear system with thigers of fibers. Furthermore, the accuracy also de-
same number of unknown potentials and currentpends on the aspect ratio= w/L;; for long thin
as equations. The applied voltage divided by théibers the overlap area between two intersecting fi-
total current through the device gives thigeetive  bers decreases @&, but the fiber area decreases as
conductivity of the compound. The resistance netw.
work approach is valid when the conductivity ratio  Because fibers are placed randomly, several sim-
is large. This model should approach the percoladlations were performed, results were averaged to
tion model for large fiber density but will predict obtain a representative conductivity. In the case of a
zero conductivity depending on the network formedcompound whose conductivity ratio is large (fiber
by the random placement of fibers. If there is naconductance is much larger than the matrix), the
conductive path, then the conductivity is zero. Thisvariation in predicted compound conductance can
model can be used to identify the percolation threshbe orders of magnitude. A simple average will pre-
old as well as predict theffective conductivity of fer values at the high end of the range and mask the
the network. fact that many orientations will result in nearly zero
conductance.
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Figure 4: Thermal conductivity fars = 0.5 (@ = 0.05). The  Figure 5: Thermal conductivity fdr = 1.0 (@ = 0.025). The
infinite aspect ratio casex(= 0) is an upper bound, and the infinite aspect ratio casex(= 0) is an upper bound, and the
circular inclusion case= 1) is a lower bound. circular inclusion casex(= 1) is a lower bound.

these results correspond well with observed low per-

3.1. Thermal results colation thresholds observed in Clpoxy com-

The dfective thermal conductivity as predicted pounds [8].
by the discretized model is shown in Figure 4 and As expected the conduction for the shorter fibers
5. The results are shown far = 1.0 and 05. In is lower than that of the longer fibers for the same
all simulations, the normalized width of the fibers isarea density. In other words, we can have twice as
0.025 or 2.5% of the device length. The horizontamany short fibers, but the conductivity will still be
error bars represent the variance in the fiber densitpwer. This is because the possibility of overlap
which results from the amount of overlap due to thebetween the short fibers is reduced until very high
random placement of the fibers and the vertical errdoadings are achieved. Thigect will be important
bars represent the variance in the calculated thermtg device designers.
conductivity. The blue line represents equation 4, )
which accounts for the fierence in area between 3-2- El€ctrical results
fibers, with fiber overlap, and inclusions with ellip- ~ The calculated electrical conductivity is shown
soidal geometry. These results represent a limitingn Figure 6 and 7 for th&; = 0.5 and theL; = 1.0
case of negligible contact resistance. As the contasize fibers respectively. As suggested by Zimmer-
resistance becomes comparable to the resistancerofin [14], the large conductivity ratio makes the so-
the matrix material, thefBect of the fibers will be lution much more sensitive to the aspect ratio com-
reduced and the conductivity of the matrix is even{ared to the thermal solution. Consequently, the ap-
tually recovered for all area densities. proximation of the geometry of the fiber in the an-

Both the numerical and analytic model are inalytic approach (ellipse) may reduce the accuracy
very good agreement for both fiber lengths. How-of the analytic solution compared to the numerical
ever, the analytic model (equation 4) predicts lowesolution.
conductivity at higher area densities for the shorter For the electrical transport studies, percolation
fibers. The reason for the discrepancy is unknowis determined by the number of fibers needed to cre-
but is likely due to the dference between ellipse ate a conduction path across the device. Because the
and rectangular geometry of the analytic fibers verelectrical transport depends on creating a conduc-
sus the numerical fibers. As the fibers become short@n path across the device, simulations for the low-
this discrepancy has a bigger impact. Neverthelesgst loadings can be unreliable. At small loadings,
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Figure 6: electrical conductivity fdr; = 0.5 (@ = 0.05). The  Figure 7: Electrical conductivity foks = 1.0 (@ = 0.025).
infinite aspect ratio caser (= 0) is an upper bound. The infinite aspect ratio case & 0) is an upper bound.

a conduction path may not be formed since the fi{Figure 6). This is further supported by [18], which
bers are laid randomly. In such cases, the conductisuggests that high aspect ratio fibers will percolate
ity is exactly zero. Therefore, only loadings largerat lower concentrations. In general, the numerical
than about 10% projected area density were able tmodels agree well with equation 4 but only in trend.
create a conduction path and exhibit non-negligiblés the conductivity ratio becomes larger, the perco-
conductivities. (This equates to about 4 fibers ofation threshold increases. But because we can cre-
lengthL; = 0.5 or two fibers of lengthL; = 1.0. ate a conduction path across the device, we see a
Even here, the probability of not forming a conduc-low percolation threshold that can not be predicted
tion path is non-negligible.) This agrees well with by the analytic model. Nevertheless, we would have
Kymakis et al. [17] who found that a 2D mixture of expected better agreement between the numerical
CNTs and P30T percolates at 11% weight fractionand analytic model at higher area densities. Interest-
which suggests that in compounds where the twingly, we see better agreement between the models
materials have dramaticallyfé&rent conductivities, for longer fibers. Yet, there is nothing in the deriva-
a conduction path is required to achieve percolatiortion that would suggest that the analytic model is
This is in contrast to the thermal results where transdeficient for shorter fibers (See Zimmerman [14]).
port is achieved even at very low loadings. These The results from the equivalent resistance nu-
calculated results also agree well with experimenmerical model should be questioned because of in-
tal results from Thonruang et al. [18], who showedherent issues with the solution approach. Fibers
conductivities for 5 mm fibers (corresponding to with shorter length and systems with low fiber den-
ourL; = 1.0 case) of 2@m)~* at 20% loading. Our sity are often problematic due to the fact low den-
results over-predict their measurements by 20-30%sity systems often yield non-invertible singular ma-
which may be due to the filerence in the conduc- trices. Consequently, solutions ardhdult to ob-
tivity of the two matrix materials, the contact re- tain for dilute systems. The discretized model used
sistance that is not considered in our model, or unfor the thermal transport study could not be used to
certainty in the measurements. Nevertheless, thepeedict electrical transport because the filmatrix
experimental data validate at least a portion of ouconductivity ratio is too large and ftimatrices re-
analysis. sulted from the formulation.

According to the numerical results, the compos-
ite did not percolate untit ~ 0.18 forL; = 0.5



le+14 : : : ‘ Electrical transport was predicted by assuming

1e+12 | that the matrix does not contribute to transport and
1e+10 | that the system will conduct when a direct path of
< fibers is established between contacts. The conduc-
S 1le+08 Lo . .
= tivity is calculated by placing a resistor between two
~ 1e+06 ¢ fiber-fiber intersections and using a system of lin-
10000 ear equation which obey Ohm’s law to predict the
100 ¢ agoo.gg — ] resistance of the system. Although this approach is
a=0.

1 grounded in engineering principles, the results leave
some doubt whether the approximation is valid.

On the other hand, the discretized model used
Figure 8: Lorenz number times temperature as a function of0 calculate thermal transport agrees very well with
fraction of area covered by fibers. the analytic model suggesting that the discretization
approach would be suitable for multi-material sys-
tems and complex geometries.

None of the models presented here consider the
. - contact resistance between fibers, which cieca
to electrical conductivity and a plot dfT = k/o or even dominate the resistance in percolation net-

Versus area density is shown in Figure 8 S|_hEe works. However, the analysis usestéaetive” mate-
is not constant, the models presented in this worlé

: . ial properties, which could include a contact com-
show that thermal and electrical properties can b prop

redicted and decoupled for the design of eIectroniEonent' For dense networks where the contact dom-
prec up gn . Ihates, the resulting conductance may be lower than
devices. In the design of thermoelectric material

. %redicted here. In addition, we have not considered
for example, a designer wants low thermal conduc;

. . ; . three dimensional percolation networks [19]. Pre-
tivity and high electrical conductivity (smaller Loren P [19]

b One th Id select a hiah loadi umably, neither fect will change the conclusion
o er)._ ne men wolle seect a high loading 0concerning the relative change of thermal and elec-
longer (high aspect ratio) fibers.

trical conductances in films. The numerical models,
_ however, can be extended to three dimensions; in
4. Conclusion general, the analytic solution can not.

Effective thermal and electrical transport through In metals, the Lorenz number is a constant. In

randomly-oriented conducting fibersin a non-cond&ﬁ@f@?mals it can vary significantly. If the thermal

matrix was predicted using analytical and numer® ectrical conductivities can be controlled sep-

ical methods. Analytical solutions were obtainedarately' .t.he ﬁ’ects.are‘decoupled. ‘Usually., though,
by calculating the fective conductivity of a ma- the addition of a filler in a composite that improves
trix with small ellipsoidal inclusions using affec-  °"¢ conductivity, will also improve the other con-

tive medium approximation. This model works well SUCE'V'ty Wel ar(ta* llnvlestlga}[trl]ng hOIW tuese twolc?n-
for dilute systems and for systems with low conduc- uctivities (€lectrical an ermal) change relative

tivity ratios. However, the analytic model does notto each other with the addition of fibers to a poly-

account for fiber-fiber overlap exactly and thereforer%er' IThetLesults Lndlcatz tthatt Certt?]m Io?c:_lngs and
under-predicts the conductivity for systems with higﬂ eriengths can be used 1o tune the relative prop-

fiber density. Numerical methods must be used ir‘?rties’ which can be importapt, for e>.<ample, for the
order to determine conductivity for non-dilute SyS_deS|gn of thermoelectric devices, which require low

tems and systems with large conductivity ratio. .thermal coqductwﬂy and.hlgh electrical conductiv-
ity. In addition, these findings could be used to

0 0.2 0.4 0.6 0.8 1
area density fraction

3.3. Combined transport
The Lorenz numberl() is the ratio of thermal



predict an optimum thermal and electrical transport14] R. W. Zimmerman, Hective Conductivity of a two-
without sacrificing the flexibility of the TFT.
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